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Unit IX: The Electric Dipole

You have now learned a great deal about electric fields and potentials.  To
help you appreciate some of the power of these concepts and relationships,
we will apply them to the case of the electric dipole.  The main purpose is to
gain some experience in applying field and potential techniques in an
example, but the dipole is such a useful approximation that the results we
derive will be applicable in many situations.  In addition, the concepts will be
useful for describing the behavior of magnetic dipoles.

It is a good time to reiterate the role of the electric field and the electric
potiential.  Ultimately we want to know about things like forces and energy
associated with interactions between charges.  The field (or potential)
provides an intermediary--one charge acts as the source for the field (or
potential), and then we use F = qE to find the effect on the second charge (or
U = qV in the energy case).

In the first session, we will consider the electric dipole as the recipient of the
effects of an electric field already produced by some other charges, that is,
the second half of the process described above.  In the second session, we
will consider the dipole as a source of the electric field.

Session 1: Forces and Torques on Electric Dipoles
Remember what an electric dipole is--it is simply equal magnitude positive
and negative charges placed close to one another.  If we examine the field at
a distance that is far compared to the spacing between the two charges, then
the field only depends on the product of the charge magnitude q and the
distance between the two charges d.  When I say it depends on d, I also
mean it depends on the orientation of the two charges, so this product is
general represented by a vector

  
r p = q

r 
d 

which we call the electric dipole moment.

+q

-qd
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Guidebook Entry IX.1: Force on a Dipole

Imagine that we place this electric dipole into an electric field of E
(this E produced by some other charges, not the dipole), as shown.
Here I have placed a line between the two charges as a reminder that
the distance between the two charges is unchangeable, although the
position and orientation can vary.

+q

-q

E

What is the force on the positive charge due to E?  Sketch in a force
arrow.

What is the force on the negative charge due to E?  Sketch in a force
arrow.

What is the net force on the dipole?  Why can we ignore the forces
that +q and -q exert on one another in this part?

Imagine that the dipole is initially at rest, but free to move in any way
that maintains the distance between the two charges.  Describe how
you think it will move.  Once you have come to some agreement,
discuss this with your instructor.
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Sketch a final resting position for the dipole below.

In this last exercise you used the field concept to calculate the force on a
dipole, and should have discovered that this translated into a twisting effort,
which you may recall from General Physics I is known as a torque.  In the
next exercise, you will use the electric potential to calculate the potential
energy of a dipole.

Guidebook Entry IX.2: Energy of a Dipole in a Uniform Field

Let's first recall how we relate electric potential (or voltage) to
potential energy.  If I know the electric potential has some value V at
a location, what is the electric potential energy of a small charge q at
that location?

Once again we will be placing the dipole into a region of uniform
electric field.  We want to find the potential energy associated with
the dipole in the field, but to do this, we need to know what the
potential is.  If the electric field is purely in the x direction, with a
magnitude of 1000 N/C (the same as V/m), show that the potential is
given by the expression V = -1000 x V/m, where x is the x position.

Now, imagine that the dipole is two charges each of magnitude 10-9
C, separated by 1 mm (0.001 m), oriented as shown below.  What is
the potential energy when the dipole is located such that the left
(positive) charge is at x = 0?

+ -
E
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What is the potential energy when the dipole (in the same orientation
as in the figure above) is located such that the right (negative) charge
is at x = 0?

What is the potential energy when the dipole (in the same orientation
as in the figure above) is located such that the left (positive) charge is
located at x = 10 m?

You should have found that the you got the same answer for each of
the last three questions.  If you didn't, check with an instructor.

What does this result imply for the force on the dipole?  You should
recall from mechanics the relationship

Fx = -
∂U
∂x

In light of this relationship, do your answer to the previous question
and the result for the net force on the dipole from GE IX.1 agree?  If
not, discuss your result with an instructor.
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Now consider the dipole in the following configuration in the same
electric field.  What is the potential energy now?

+

-
E

Now consider the dipole in the following configuration in the same
electric field.  What is the potential energy now?

+-
E

You now have three values for the potential energy of the dipole
oriented at three different angles.  The values for the energy should
all be different.  If not, make sure to check with an instructor.
Interpolating between these values, can you make a graph of the
potential energy as a function of the angle of the electric dipole?  Can
you guess a mathematical expression for the energy?

You probably don't recall that the derivative of the potential energy as
a function of angle is related to the torque:

t = -
∂U
∂J

Given this relationship, do your last answer and your result from GE
IX.1 regarding the torque on the dipole agree?  Explain in your own
words.
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Look back at your result for the energy as a function of dipole angle.
Can you express this result in a way that depends just on the dipole
moment p, instead of q and d individually?  If you are clever with
vectors, you can write the dipole moment as a vector, and eliminate an
explicit reference to the angle. Discuss your results with an
instructor.

What you should have found in the last question is a general feature of
dipoles:  all the important properties can be expressed in terms of a vector
dipole moment, not only those that occur in simple constant fields.  In the
next section, we begin to look at some of those more complicated cases.

Guidebook Entry IX.3: Net Forces on Dipoles

Explain in your own words why there is no net force on a dipole in a
uniform electric field.

How can one achieve a net force on a dipole?  One way one could
get a net force on such an object would be to get an imbalance
between the two charges.  However, a dipole by definition has
exactly the same amount of positive charge as negative.  How might
you change the field so that the net force on the dipole is non-zero?
This might take a bit of discussion, so you'll want to check with an
instructor at this point.

Does the net force depend on how the dipole is oriented relative to
the electric field?  Describe any dependence, or if you think there is
none, explain why there is no dependence.  Discuss your results with
an instructor.
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Assume that the dipole is oriented in a direction that maximizes the
net force on it.  Recall the fact from calculus that a derivative can be
approximated by a ratio of changes; in particular the derivative of the
electric field with respect to distance is approximately

dE
dx

ª
DE
Dx

so that we can find this change in electric field as
DE ª Dx dE

dx
Can you use this expression and the dipole moment p = qd to derive
an expression for the force on a dipole in a non-uniform electric
field?  You should be able to find a result that includes the dipole
moment and the derivative of the E field.

The requirement that the charges on a dipole be exactly equal and opposite
seems a little bit arbitrary.  Isn't it unlikely that the two charges would be
exactly equal to one another?  In some cases that is true.  In fact the
operation of the Wimshurst generator depends on the difficulty in getting an
exact balance of charges; a random initial charge is required to get the thing
going.  However, there are some very important reasons for considering
perfect dipoles.  The first is just to be systematic in our theoretical analysis--
first remove all the effects that we can approximate by just a point charge
(i.e. the effects of a net charge on an object), then the simplest approximation
to the distribution of charges on the object (i.e. approximate this as a simple
dipole).  There is a series of charge distributions that get progressively more
complicated that forms a complete set that taken in sum can describe any
charge distribution.  The nice feature is that each successive term has fields
that fall off even more rapidly as a function of distance.  Recall that charges
produce fields that fall off like 1/r2, dipoles have fields that fall off like 1/r3,
the next term is called a quadrupole (two dipoles put together in opposite
directions is one kind of quadrupole) and here the field falls off like 1/r4.

There are some real cases that produce charge distributions that are
extremely well approximated by dipoles.  Once case is that of molecules
made up of two different atoms, such as HCl, or even water (which actually
has three atoms).  Here the total charges are based on the total numbers of
electrons and protons, which balance exactly.  The dipole moment arises
because the electrons that are shared between the two different atoms (it is
this sharing that gives rise to the chemical bond) are shared unequally and
spend more time around one atom than the other.  This takes away net
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charge from one atom, and gives an exactly equal amount of charge to the
other atom and voilà, a dipole results.

Another real case is related to something we already studied, which we'll
look at in the next activity.

Guidebook Entry IX.4: Induced Dipoles and Electrostatic
Precipitators

Imagine that we have a small conducting sphere, perhaps a ball
bearing, which has no net charge on it (we can discharge it to a good
grounded conductor such as a water pipe to be sure).  Then we
isolate this electrically so no charge can leave it, and place it in an
electric field as shown.  Sketch the distribution of charge that results,
and explain why this happens.

E

E

Now, resketch the charge distribution on the circle below.  Having
developed some intuition dipoles, does this distribution of charges
look qualitatively like a dipole?

Now imagine that the external field that is inducing (as the jargon
goes) this polarization of the sphere is itself not quite uniform.
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What is the net force on the sphere?  Does it try to move to stronger
or weaker field regions?

This effect is used to move small objects about with electric fields (a
device called an electrostatic precipitator is a good example, which
takes smoke particles out of the air).  The objects don't even need to
be very good conductors to develop induced dipole moments.
Investigate this with some of the electrostatic devices and bits of
paper, or pith balls.  Describe what you see.  Is the force in the
direction that you predicted above?
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Session 2: The Dipole Potential
In this session, we will look at the electrostatic potential that arises from an
electrostatic dipole.  The calculation of this uses a mathematical trick which
is applicable in many other situations, known as the binomial expansion.
We will calculate the dipole potential by superposing the potentials arising
from two point charges, so we will review that result that you encountered in
homework problem.  Finally, we will use these results to calculate the electric
field due to the dipole, and see that it agrees with previous results.

Guidebook Entry IX.5: Potential Due to a Point Charge

The electric field due to a single point charge is given by Coulomb's
law,

E =
Q

4peor
2 =

Q
4peo

 1
r 2 .

I have written this the second way to separate the constants in the
formula from the position dependence.

What is the general relationship between electric field and electric
potential?

We defined the derivative or integral relationship you just wrote (if
you didn't write one, check with your instructor) for one Cartesian
direction.  If we have a function that is just a function of r, we can
replace a derivative or integral with respect to x with one performed
with respect to r.  Using this, rewrite your relationship between E and
V using this radial coordinate r.

Now apply this relationship to get an expression for the potential due
to a single point charge.  Check your result with an instructor.
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We are almost ready to sum the electric potential for a positive point charge
with that for a negative point charge a distance d away, using the potential

V =
Q

4peor
.

Before we are able to do that, however, we need to have a method of
approximating the expression

1
r + d

which will arise in our calculations.

Guidebook Entry IX.6: A Glimpse of the Binomial Expansion

Let's first consider expressions that look like
b =

1
1 + d

where d is a non-negative number much smaller than one.  First,
what is b if d is exactly equal to zero?

Is b greater than or less than one if d is positive?

Let's try a specific example.  Imagine that d is 0.02.  Use your
calculator or Excel to find b.  How much smaller than 1.00 is b?

Now try d = 0.005.  Use your calculator to find b.  How much
smaller than 1.00 is b?

Can you guess a general approximate expression for b for small d's?
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Does your expression agree with the general first order binomial
expansion

b = (1 + d)n ª1+ nd  ?

If yes, explain; if no, talk with an instructor.

In our next activity, we will need to expand an expression looking
like

1
r + d 2

.

Show that you can use the binomial expansion you found above to
express this approximately as

1
r + d 2

ª
1
r

1- d
2r( ) .
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Now we are ready to apply this approximation to the sum of two potentials,
and find the dipole potential along the dipole axis.

Guidebook Entry IX.7: Dipole Potential

We are going to find the potential for the dipole shown below.  We
assume that the dipole is oriented along the z axis (which is the
commonest convention).  The positive charge q is located at z = d/2,
and the negative charge -q at z = -d/2.

z

x

+q

-q

d

What is the potential along the positve z axis due to the positive
charge as a function of r (which is the same as z in this case)?

What is the potential along the positive z axis due to the negative
charge as a function of r?

The full potential is the sum of the two expressions above.  Write
this sum below, and check with your instructor before going on.
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Now apply the binomial expansion 1
r + d 2

ª
1
r

1- d
2r( )  to your

expression for the potential and condense the result as much as
possible.  In particular, replace products of q and d with the dipole
moment p.

What would this result look like for points along the negative z axis?
Check your result with an instructor.

What is the potential along the x axis?  (Hint--which charge is closer
to an arbitrary point on the x axis?)

The angular dependence of the potential can be expressed in terms of
a simple trigonometric function.  Can you guess the full expression
for the dipole potential as a function of distance r and the angle
q relative to the z axis?
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Hopefully you found that the dipole potential looks like
V =

pcos(q)
4peor

2 .

In the next activity, you will use this to calculate the electric field due to the
dipole along the z axis.

Guidebook Entry IX.8: Dipole Field along the z Axis

Use your intuition to guess the direction of the field along the z axis.

Along the z axis, z and r are the same.  So, you can find the electric
field along this axis using

Ez = -
dV
dz

.

Use this expression to solve for E along the z axis.  Does this agree
with the on-axis formula given in a homework problem of

E =
p

2peor
3  ?


