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This activity guide gives you a quick but practical introduction to graphing
functions and data using Excel and Mathematica.  There is a great deal of overlap in
the capabilities of each program, and each has its own drawbacks.  In the broadest
strokes, Mathematica is particularly conducive to working with analytic functions,
and Excel more so with individual numbers (such as a set of measurements with
associated error).  However, any computer graphing ultimately relies on individual
points at which the function of interest is evaluated.  Because Excel lets you see the
data as individual numbers in cells, we will use that to allow you to see what is
happening on this microscopic level.  This will then allow us to better understand
what is happening when Mathematica gets confused.

Guidebook Entry II.1: Damped Harmonic Oscillator

Recall that a damped harmonic oscillator has two basic features to the
motion as a function of time.  First, it oscillates.  This implies there is some
sinusoidal function.  Second, it dies away.  This implies that there is a
decreasing exponential.  Sketch below what a position versus time graph for
a damped oscillator looks like.

Typically such a function is given by an expression like
x(t) = e− kt sin(ωt) .

Now let's see what that looks like by graphing it in Excel.  To do this, first
devote a couple of cells in some quiet space of your spreadsheet (say the top
row) to hold values of k and ω.  Then fill in a column of say one or two
hundred values of t, starting 0 in increments of 0.05.  In the next row,
calculate x(t) as above.  You will have to make references to the cells
containing k and ω.  You clearly want to be able to fill down, but this will
cause a problem, unless you have already made this mistake before.  Try to
figure out what happened, but don't hesitate to ask your instructor if you are
puzzled.
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Now make a graph of the function with k and ω equal to 1.  Does it look
like what you sketched on the previous page?  Sketch it below.

What happens as you increase k?  You can do this in your sheet, and the
graph changes automatically.  Describe what you observe.

What happens as you increase ω?  Describe what you observe.

Now let's try the same exercise in Mathematica.  You may want to quit
Excel and save that sheet to make more room.  Double click on Mathematica
(not the Kernel).  Mathematica comes in two parts.  One is called the front
end, which contains all the niceties that makes the graph come out and does
the input and output.  It has all the frills, and does very little of the
calculating.  The other is called the Kernel, and it is this that does all of the
number crunching.  This allows one to have the Kernel on one fast
machine, and the front end on several slower machines.  However, all of
our machines are pretty equal in speed, so we don't make any use of this
feature.  However, it helps explain a peculiar feature of Mathematica.  When
you start it up, the Kernel sits idle until it is needed.  Then, once you ask
Mathematica to do something, the Kernel is loaded from the hard disk.  So
the first calculation you do seems to take forever; after that it is much more
responsive.  Try this out.  Once Mathematica has started, type

2+2
followed by the Enter (NOT RETURN--Mathematica is very fussy) key.
Wait half an eternity, and before you are too gray,  you will know the
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answer.  Now, try exactly the same calculation a second time, and you
should see a much faster response.

What you have just done is used Mathematica as a calculator, but you
should know it is a bit different than your average calculator.  Try adding
two numbers, and subtracting two numbers.  Try multiplying two numbers.
Then try dividing that old approximation for pi of 22/7.  What happened?

Mathematica is designed to do everything as accurately as possible.  The
most accurate thing to do with 22/7 is to retain it as a fraction, so that is
what it does.  But what if you want a decimal representation?  Of course,
Mathematica can do that.  The simplest way is to follow any expression
with //N.  Try entering

22/7//N
and describe what happens.

But, you might say, I need to know this to greater precision.  Simple; use
the N expression in the following more cumbersome but more precise way:

N[22/7,20]
which gives you 20 digits of accuracy.

This N also works on some of the constants that Mathematica keeps, or
knows how to calculate, such as pi.  For amusement, calculate pi to 1000
places, and write the last four of those below, so I know you did it.

You may have already found that Mathematica is very fussy about
punctuation.  Not only does it always want the enter key and not the return,
it also expects all of the functions and constants it knows about to be started
with a capital letter, and all the ones you define to be started with a lower
case letter.  Fortunately, the program usually complains when it thinks you
messed up.  It also expects square brackets [ ] to enclose the arguments of
functions.  Curly braces { } are used to hold extra parameters that tell
Mathematica how to present data (like limits of graphing, as you will see
soon).  Regular parentheses are used in telling Mathematica the order of
execution in an expression; 5*(2+3) says add first, then multiply.
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So, finally you are ready to make a graph.  To make a simple graph of the
damped oscillator, enter the following

Plot[Exp[-t]*Sin[t],{t,0,10}]
where the parameters in braces tell Mathematica to plot this as a function of t
with the range of 0 to 10.  Be careful of capitals, braces, commas, etc.
Sketch what you get below.

With Excel, we built in an easy way to modify k and ω.  There is an easy
way here too.  Position the curser just before t in the Sin expression, and
then type a value, say 3.  Follow this with the enter key, and the graph will
be redone.  Play around a bit entering different values for k and ω.

Now let us see some of the limits of these graphing programs.  We will simply look
at the function sin(ωt).

Guidebook Entry II.2:  Graphing trig functions: what went wrong?

Quit Mathematica and go back to Excel.  Create a sheet that evaluates sin(ωt)
for at least 100 t values which start at zero, and step by 0.05.  As we did
before, make a convenient space to store ω.  Start out with ω equal to 1, and
make a graph of the function.  You will probably find it easier to see if you
add lines between points if they don't appear automatically.

Increase ω to 2, 3, 5, and describe what happens to your graph.
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Look at adjacent values of the sin function in your sheet.  What happens to
the difference between these neighboring values as you increase ω?

Now, increase ω more significantly.  Describe what happens as you make ω
equal to 10, 20, 40.

Now try 60, 90, 120.  Any surprises?  If so, can you explain what is
happening?  If you can't, or see no surprises, talk to your instructor.

Can you find particularly perverse values of ω that make the graph unusual.

Describe what you see for what values of ω.

.
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As we descussed earlier, all computer graphics is done by plotting a set of
discrete points.  If the spacing between points corresponds to a periodicity
of the function, the peculiar effect you saw above occurs; it is called
aliasing.  Those of you who have taken the waves course have probably
already done battle with this in a slightly different way, but it is the same
effect.  Mathematica tries to be smart about this by looking at the rate of
change of the function, but it is not too difficult to get Mathematica confused
as well.  To see this, quit Excel and start Mathematica again.  Use the Plot
function to plot Sin[ωt], with a range specified from 0 to 10, where ω has
values around 30, or around 60.  Describe what you see.  Is this the same
effects you saw in Excel?  How are they the same?  How different?

In mechanics, we often look at systems, especially oscillating systems, in a view
called phase space.  Phase space is a graphing region in which we plot velocity not
as a function of time, but rather as a function of position.  I use the term function
loosely, because phase space plots are generally multiply valued.  To make this
plot, we need to first know how to get a velocity from our position function.  The
following exercise works through the details of that.

Guidebook Entry II.3: Phase Space Plots

If we want to graph velocity versus position, we first must calculate the
velocity.  The first way we will do this is using calculus.  We know that the
position as a function of time is given by

x(t) = e− kt sin(ωt) .
Demonstrate your calculus skills by differentiating this to get the velocity as
a function of time.
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Take your old spreadsheet, and add a column next to the position column
that contains the analytical value for the velocity.

One can also calculate the velocity numerically.  That is, one can calculate a
change in distance over a change in time for a small interval.  So, if you
have time in column A, position in column B, you can calculate a velocity
for cell D3 as (B4-B3)/(A4-A3).  Do this, and fill the entire column.  What
happens in the last cell?

Now graph the analytical and the numerical velocities on the same graph.
You may need to add lines and get rid of the markers to see them clearly.
Are they nearly the same?  Exactly the same?  Can you explain any
differences?  You may want to discuss this with the instructor.
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Now let's take the plunge, and graph v vs x (using either velocity column).
Describe what you see.  Make sure to include lines.

What happens as you change ω?

What happens as you change k?  In particular, what happens if k=0?

Now let's see how to do this in Mathematica.  The way to make this kind of
plot is to use the ParametricPlot function.  The format of this is as follows:

ParametricPlot[{x,v},{t,tmin,tmax}]
where x and v are the full analytic expressions for the position and velocity
as a function of time.  Make this graph, and see what happens as you vary k
and ω.
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One last skill we should develop is the ability to make graphs that are functions of
two dimensional space.  This is an extremely important ability, since we have the
habit of doing physics in two and three dimensions, and so we often have to
represent functions of those spaces, for electric and magnetic fields, for quantum
mechanical wave functions, or for fluid flow to name a few instances.

Guidebook Entry II.4: Graphs in Three Dimensions

For simplicity, we will use a simple function that will give us a nice surface
as a function of x and y

z(x, y) = sin(x × y) ,
even though this is not a very common function encountered in physical
systems.

First, let's use Excel.  Make a column of y values in the A column, starting
at A2, running from -2 to 2 in steps of 0.25.  Then make a row of x values,
starting at B1, running from -2 to 2 in steps of 0.25.  Now, enter the
formula for z(x,y) in cell B2.  Make sure to make references to the x values
all have the same row number by putting a $ in front of the number, and all
y references have the same column letter by putting a $ in front of the letter.
Fill this function both down and across.  Select the resulting region, and
make a new chart.  If you use the chart wizard, select a 3D chart; if you
don't use the chart wizard, change the resulting to a 3D chart using the
buttons on the bottom, or the menu item.  Describe/sketch your result.
Click around on the graph, and see what you can change, and describe that.
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Mathematica is quite adept at such graphs.  Try the following command:
Plot3D[Sin[x*y],{x,-2,2},{y,-2,2}]

which should give you a very similar graph.  Describe what you find.
Which program do you prefer?
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Homework
Due 1/30/96

1.  How does an error propagate through the log function?  Take for an example y = ln(x).
If x has an average value of 6 and a standard deviation of .2, what is the standard deviation
of y?  Do this by the calculus method, and then check your result with a spreadsheet.

2.  Do the same sort of task for y=sin(x), when x has an average value of π/2 and a
standard deviation of 1.0.  Does the calculus method agree with the spreadsheet method?
Explain any mysteries here!  Which method do you believe more?

3.  How does an error propagate through a power function, y = xn?  Again, use both
calculus and a spreadsheet (with n = 3 for the spreadsheet case).

4.  Find the general rules, the equivalents of

∆f

f
=

∆x

x
 
 

 
 

2

+
∆y

y

 
 
  

 

2

,

for sum and difference combinations.  That is, find error propagation formulas for

y = x + y

and

y = x - y.
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